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ABSTRACT: Small-angle scattering data from diblock copolymer systems containing disordered arrangements
of spherical domains are modeled with the Percus—Yevick hard-sphere liquid theory to obtain the interparticle
interference contribution to the scattered intensity. By choosing an effective hard-sphere interaction radius
based on fitting the lowest angle interference peak and a domain radius from the location of the higher angle
form factor scattering peaks, the full scattering pattern can be quite adequately accounted for. The difference
between the hard-sphere radius and the domain size is attributed to the closest distance of approach between
domains and corresponds to approximately 1.5 times the matrix block chain unperturbed radius of gyration.
Thus, small-angle scattering data can provide a measurement of the separation distance at which the interdomain

potential becomes highly repulsive.

Introduction

The introduction of anionic polymerization methods by
Szwarc! in 1956 enabled well-defined block copolymers to
be produced for the first time. Since then, a considerable
amount of research has examined their properties, par-
ticularly those features connected with phase separation.
Since the chemical species comprising the different blocks
can be highly incompatible, (e.g., polystyrene~polydiene
copolymers), the system will phase separate. However, due
to the chemical linking of the blocks to each other, the scale
of phase separation is restricted to occur with characteristic
dimensions typically of several hundred angstroms, de-
pending on the molecular weight of the blocks. Most
morphological research has considered polystyrene~poly-
diene block copolymers, since these have been the most
important commercially, but studies on other amorphous
systems show the same general features.

Microphase separation usually results in the formation
of domains of three geometries: spheres, cylinders, or
lamellae, the geometry being determined in large part by
the relative volume fractions of the components.? Mor-
phological studies using both electron microscopy and
small-angle scattering techniques have shown that under
near-equilibrium conditions, the domains can be regularly
arranged with lamellar domains of alternating layers of
uniform spacing®”’, cylindrical domains packed on a two-
dimensional hexagonal lattice,>6® or spherical domains
arranged on three-dimensional cubic lattices.>°

Although an ordered arrangement of the domains is
thought to be thermodynamically favored over a disordered
arrangement,!! disordered structures are often observed
in systems with spherical domains, especially with the
addition of homopolymer to the matrix.!?? An ordered
lattice arrangement of domains will manifest itself as a
series of distinct interference peaks at well-defined scat-
tering angles. For nearly identical domains, sphere form
factor scattering will give rise to several broad peaks at
higher scattering angle. Small-angle data exhibiting several
well-defined peaks both at low and high angle for spherical
domain diblock copolymer systems is rare, especially for
high molecular weight samples,'®?® most probably due to
nonequilibrium structures frozen in during the phase
separation process during solvent casting, the usual method
of sample preparation for small-angle scattering and
electron microscopy studies. These experimental small-
angle patterns generally display the high-angle sphere form
factor peaks but only a single low-angle peak, sometimes
accompanied by a much weaker second peak (shoulder).
This scattering evidence is still, notwithstanding electron
micrographs showing a definite lack of periodic arrange-
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ments, taken as indicative of a distorted paracrystalline
lattice structure of the spherical domains.!®% The purpose
of this paper is (i) to show that for some systems the
low-angle peaks in smali-angle scattering patterns from
diblock copolymers can be well explained as arising from
the short-range order typical of liquid-like packing of
hard-sphere domains and (ii) to obtain the hard-sphere
interaction distance of the matrix chains by modeling the
small-angle scattering data using a hard-sphere interaction
potential and the Percus-Yevick approximation for the
direct correlation function. Recently, Cebula et al.? and
Ottewill?>? have applied the Percus-Yevick hard-sphere
model to small-angle scattering data of colloidal systems.
Since this approach has not yet been applied to block
copolymer systems, we present first a review of the
small-angle scattering theory pertaining to spheres with
liquid-like packing followed by modeling of experimental
scattering curves from the literature for a polystyrene—
polybutadiene diblock copolymer/polystyrene homo-
polymer blend and a polystyrene-polybutadiene diblock.

Small-Angle Scattering Theory

For dilute systems, where the scattering particles are
separated by large enough distances so that no interference
occurs between scattering from different particles, the
intensity of scattered radiation is given simply by the
product of the number of scatterers, N, and the scattered
intensity of a single particle.”” This can be expressed in
a general way as

(@) = KNP(Q) e))

where @ is the magnitude of the scattering vector, given

by

o

4
= 7‘” sin 6 2)

P(Q) is the form factor of the particle, and K is a constant
that is a function of the type of radiation used and the
sample properties. For a homogeneous sphere of radius
R the form factor is

P(Q) = v°®*QR) 3)

where v, is the sphere volume and

Gapltin (@)~ QR cos (@B (4

Thus, for a system of N identical spherical particles, the
scattered intensity is

I(Q) = KNv,*®*(QR) 5

®(QR) =
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From eq 4, the maxima in the form factor are calculated
to occur at

QR = 5.76, 9.10, ... (6)

Therefore, the radius of the sphere can be calculated
from the location of the intraparticle peaks in the scat-
tering curve.

As the density of scattering particles increases, inter-
particle interference becomes significant. In order to in-
clude the effect of particle interference on the scattering
intensity, Zernike and Prins® derived the following
equation, valid for monodisperse particles:

I(@) = KNP(Q)S(@Q) (7
where S(Q) is the interference factor, given by
sin (Qr)
Qr

Here, n is the particle number density and g(r) is the
radial distribution function describing the arrangement
of the particles. Debye?® solved eq 8 for (dilute) hard gas
spheres (i.e., assuming g(r) = 0 for r < 2R and g(r) = 1 for
r > 2R)

1(Q) = KNuv?®*(QR)[1 - 8nv,®(2QR)] 9)

As Fournet® has pointed out, this scattered intensity
distribution becomes negative at low angles for hard-sphere
volume fractions greater than 0.125. This impossibility
is a result of including only two-body interactions and
neglecting higher order interactions. In later liquid-state
theories g(r) was modified to take into account three-body
interactions.®%? Fournet obtained the following result for
scattered intensity:3!

I(Q) = KNP(Q)[1 - n(27)*/28(@)]™ (10)

where ¢ is a factor close to unity and

2 © —@Ur,
BQ) = (27'-)1/2‘[; (e~$0/RT _ 1)

Fournet’s formula (eq 10) can also be solved for a system
of hard spheres with ¢(r) = « for 0 < r < 2R and ¢(r) =
0 for r > 2R:

1(Q) = KNu2®2(QR)[1 + 8nv,e®(2QR)]  (12)

At small volume fractions, the Debye and Fournet equa-
tions are equivalent but Fournet’s formula is more realistic
at high packing densities since it includes three-body
correlations.

A successful approach for understanding the scattering
from simple liquids is to concentrate on the total corre-
lation function, defined as

h(ri) = glryp) - 1 (13)

which measures the deviation of the pair distribution
function from its background value due to the influence
of particle 1 on particle 2 at a distance r;5.** Ornstein and
Zernike* first proposed that h(ry;) could be considered to
consist of a direct correlation between particles 1 and 2
and an indirect term by which the correlation is transferred
to all of the neighboring particles. This is expressed
mathematically as

hirg) = o) + n [ cridhlr) drs  (19)

S(@) =1 + 4mn j; “@r) - 1) 2 (8)

sin (Qr)

r

r2dr (11)

The direct correlation function ¢(r,3) should be of short-
range order since it is a correlation between particles 1 and
2, depending only on the interparticle potential, which will
fall off quickly to zero with separation distance.

Hard-Sphere Interactions in Copolymers 1713

A useful approximation for the direct correlation func-
tion is the Percus—Yevick® expression:

c(r) = (e #0/kT - 1)e/kTg(r) (15)

Wertheim® and Thiele?” independently showed that this
direct correlation function has an exact closed-form solu-
tion for the classical hard-sphere fluid. For r > R, where
¢(r) is zero, c(r) will also be zero, while for r < 2R, ¢(r) has
the polynomial solution

e(r) = —(a + Bs + vs%) (16)
where
a=(1+292/(1-n*

B =-6n(1+n/2?/(1-n)* 17
v = Yon(1 + 29)%/(1 - p)*
s=r/2R

Here, 75 is the hard-sphere volume fraction 47R3n/3.
Combining the Fourier transform of the Ornstein—Zernike
equation with the definition of the interference factor (eq
8) yields

1

1-nC(@)

where C(Q) is the Fourier transform of the direct corre-
lation function given by

S(@Q) = (18)

sin (Qr)

r

2R
C(@QRm) = —47rj; (o + Bs + vs%) rrdr  (19)

This integral is readily evaluated®®® to give

_ 1

where A = 2¢R and
G(4) = %(sin A - Acos A) +

8 0
E(2A sinA+ (2-A4%cos 4-2) + E(—A“ cos A +
4[(3A%-6) cos A + (A% - BA4) sin A + 6]) (21)

The normalized intensity can then be written as

_1Q _ S@QP®Q
In@Q) = I0) ~ S(0)P(0)

but (0) = 1 and S(0) = 1/a, so
In(Q,R,m) = S(Q,Rn)PUQR)a (23)

Equation 23 is a further improvement over the Debye
expression (eq 9) and that of Fournet (eq 11) since it ap-
proximately takes into account correlation between all the
(hard sphere) particles in the system and therefore will be
particularly useful for high particle densities.

(22)

Application of the Percus-Yevick Hard-Sphere
Model to Block Copolymers

The block copolymer small-angle scattering curves
modeled are samples S/SB;-3 and SBy-7 from the SANS
investigations of Berney et al.?® The molecular charac-
teristics of these samples are shown in Table I. Sample
S/SB;-3 is a blend of polystyrene—perdeuterated poly-
butadiene diblock copolymer (SBy4-3) with homopoly-
styrene (S1) to give a final polybutadiene weight fraction
of 0.143 (volume fraction 0.149). Sample SBy-7 is a pure
diblock sample with a similar polybutadiene weight frac-
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Table I
Molecular Characteristics
sample M, X 107 Mg % 1078 wt % B 7 R, A Rys, A 2AR, A Ry, A
SB,-3 78 54 0.362
S/SBg¢-3 78/64 54 0.143 0.30 230 290 120 77
SBy-7 380 46 0.108 0.52 205 340 270 170
S1 64
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Figure 1. Experimental SANS results taken from Berney et al..:®
(a) S/SB;-3; (b) SBy4-7.

tion of 0.108 (volume fraction 0.114). The published
electron micrographs of these two samples (see Figure 2
of ref 20) show that the morphology is that of poly-
butadiene spheres, darkened by osmium tetraoxide stain-
ing, in a polystyrene matrix. The spheres do not appear
to be ordered.

The small-angle neutron scattering data obtained by
Berney et al.?’ for these two samples are reproduced in
Figure 1. Sample S/SBy-3 exhibits a single low-angle
interference peak as well as two higher angle sphere form
factor peaks (arrows). Sample SBy-7, on the other hand,
has in addition to the low-angle interference peak a weak
second interference peak, appearing as a shoulder on the
main peak. The peaks at higher angles (arrows) are at-
tributed to intraparticle scattering. The average radii of
the polybutadiene spheres were calculated from the as-
sumed intraparticle peaks to be 230 and 205 A for S/SB;-3
and SBy-7, respectively.

Bates et al.2! attempted to model some of their small-
angle neutron scattering results with eq 12 (Fournet) but
found a rather poor fit to their data, the calculated curves

component,

This idea of an impenetrable shell of thickness AR
surrounding the scattering particles has been found to be
quite reasonable for the analysis of the small-angle scat-
tering from microemulsion and colloid systems using
Percus—Yevick theory for S(Q).2% The shell corresponds
to an adsorbed layer of surfactant or polymer molecules.
For spherical domains in diblock copolymers, one would
anticipate that the surrounding matrix chains will provide
some sort of hindrance to domain—domain approach since
they are constrained to have one of their ends (the junction
between the two types of blocks) at the surface of the
sphere. By assuming a constant domain size (230 A) but
variable hard-sphere size (i.e., with variable 1), the data
of sample S/SBy-3 were again fit in the low-angle region
for both the Fournet and Percus—Yevick models. As is
expected a distinct maximum develops in both the models
for high hard-sphere packing fractions. The best fit to the
data for the Fournet model occurs for a hard-sphere radius
of 350 A, corresponding to a layer thickness of 120 A and
volume fraction of 0.525, whereas for the Percus—Yevick
model, Ryg = 290 A, AR = 60 A, and 5 = 0.30. Figure 3a
shows the full angular range of the scattering predicted
by the models using the above parameters along with the
experimental data. The experimental and calculated in-
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Figure 3. (a) Experimental data vs. Percus-Yevick and Fournet hard-sphere model for S/SB¢-3. (b) Experimental data vs. Percus-Yevick
hard-sphere model for SBd-7. (c) S/SB;-3 experimental data vs. Percus-Yevick hard-sphere model with diffuse boundaries and sphere
size distribution in P(Q). (d) S/SB4-3 experimental data vs. Fournet hard-sphere model with diffuse boundaries and sphere size distribution
in P(Q). (e) S/SBy-3 experimental data vs. Percus—Yevick hard-sphere model with diffuse boundaries and sphere size distribution

in both P(Q) and S(Q).

tensities have been respectively normalized by the value
of the maximum intensity of the interparticle interference
peak. The best fit was determined by visual inspection
so that Ry is only accurate to within about 5 A.

A similar curve-fitting procedure was followed to model
the scattering from sample SB4-7. For this sample, the
low-angle peak is considerably sharper, suggesting a very
high effective hard-sphere packing fraction. In this case
the Percus-Yevick model is appreciably better than the
Fournet model, which does not predict a second interfer-
ence peak even for n = 0.74. The best fit for the Percus—
Yevick model was obtained for Ryg = 340 A corresponding
to a shell thickness of 130 A and an effective hard-sphere
volume fraction of 0.52.

It should be noted that the diblock copolymer SBy-1 of
ref 21, which exhibits a very highly ordered arrangement
of the spherical domains as evidenced by both electron
microscopy and SANS (34 interparticle interference peaks
are seen in addition to sphere form factor peaks), cannot
be successfully modeled with the Percus-Yevick hard-
sphere model since, even for a hard-sphere volume fraction
of 0.74, only two interparticle interference peaks are pre-
dicted. Indeed, as Bates has shown* the interference
peaks can be very well attributed to the lattice peaks of
a body-centered cubic lattice (as predicted for spherical
domains at equilibrium?!?).

While the relative peak intensities and widths in samples
S/SB4-3 and SBy-7 are reasonably matched, the zeroes in
the theoretical curves are not present in the experimental
data, and the experimental sphere form factor scattering
peaks are not as intense as predicted. Hashimoto!® has
shown that these details of the higher angle scattering
region can be accounted for by introducing a Gaussian
distribution in sphere size and a diffuse sphere boundary.

The polydisperse sphere form factor can then be written
as

P@= “P(R)P(QR) dR/ f()“P(R)dR 24)

Here, f(Q,R) is the scattered amplitude of the spherical
particles, modified for the case of diffuse boundaries

f(@R) = [%7R%|®(QR) exp(-0°Q?) (25)

where ¢ is the parameter that characterizes the diffuseness
of the boundary. The electron density profile of the
boundary, ¥(r), is given by a convolution of the density
profile for a sharp boundary, o(r), with a Gaussian
smearing function k(r)

k(r) = (2wo?) /2 exp(-r? /207) (26)

from which the interfacial thickness ¢ is defined as
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t=2m)Y3% 27

The function P(R) is normally chosen to be a Gaussian
distribution about the average sphere size R:

P(R) = A exp[-(R - R)*/205"] (28)

In their study?® Berney et al. measured the interface
thickness as t = 22 A with oz = 22 A. Plots ¢ and d of
Figure 3 show the improvement in both the Percus-Yevick
and Fournet models using these parameters.

The effect of polydispersity on the interference factor
should also be considered. Vrij*! has derived an expression
for the scattered intensity from a polydisperse system of
homogeneous hard spheres in the Percus-Yevick approx-
imation from which the interference factor can be ob-
tained.#> For a Gaussian sphere size distribution with a
standard deviation less than 10% of the average particle
radius, the influence of the polydisperse interference factor
on the scattered intensity is very small. The width of the
interference peak increases slightly, and its location is
shifted to somewhat smaller @ values. Figure 3e shows the
predicted scattered intensity, taking the sphere size dis-
tribution into account in calculating S(Q).

Discussion

While not illustrated here, both the Percus—Yevick and
Fournet scattering models are able to readily fit scattering
data with only a single, broad low-angle interference peak.
A more stringent test is to fit the intense, relatively narrow
peaks in I(Q) which are normally assumed to arise from
a paracrystalline arrangement of the domains. The
matching of the low-angle interference peak(s) by the
Percus—Yevick hard-sphere model using only a single fit-
ting parameter, the hard-sphere radius (or equivalently the
hard-sphere volume fraction), is quite impressive. The
better accounting of many-body correlations in the Per-
cus-Yevick model makes it superior to the Fournet model
for the high (ca. 0.5) range of hard-sphere volume fractions.

Many of the studies on block copolymers with spherical
domains find scattering patterns similar in nature to those
in Figure 3 but still consider the domains to occupy a
distorted paracrystalline simple cubic, body-centered cubic,
or face-centered cubic lattice.

At equilibrium the domains in a pure diblock system are
predicted to order on a bec lattice so as to minimize steric
repulsions between the matrix chains from different do-
mains.!'¥® Paracrystalline distortions of the domains from
their ideal lattice positions, along with a small grain size,
are thought to account for the lack of sharpness in the
normally observed S(§). Another argument for (para)
crystalline arrangements for spherical domains in di-
block/homopolymer blends arises from the belief that a
liquid-like array of domains for the low volume fraction
of the domain component is incapable of producing a no-
ticeable low-angle scattering maximum (recall model curves
in Figure 2).

It is generally accepted that many copolymer systems,
particularly those of a spherical morphology, are trapped
in a nonequilibrium state characteristic of the tempera-
ture/solvent conditions during sample preparation for
which molecular mobility abruptly decreased. In addition
to poorly ordered domain arrangements, evidence of a
trapped nonequilibrium state is the significantly smaller
size of the domains in bulk polystyrene—polydiene diblock
copolymer systems!®?! (including those modeled here) than
predicted by equilibrium theories.** This nonequilibrium
effect is observed to be greater for higher molecular weight
samples with a glassy matrix component, such as sample
SB;-7, which for all practical purposes never achieve their
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Figure 4. Schematic model of spherical domains with penetrable
hard-sphere interactions.

equilibrium domain size and macrolattice structure. In-
deed, the relative spacings of the observed low-angle in-
terference peaks for sample SBy-7 are 1.00/0.64, which do
not correspond to any of the three aforementioned lattices.
As Roe** has pointed out, there is a general lack of
agreement between experimentally determined lattice
types for sphere domain macrolattices due in part to the
“difficulty of assigning a unique lattice structure when in
fact the lattice is not very regular”. Moreover, there are
electron micrographs that frequently show a disordered
array of spheres. Several studies have shown that the
addition of homopolymer to the matrix disrupts the or-
dering of the spherical domains. %! A liquid model is thus
physically more realistic for diblock /homopolymer blend
systems than for pure diblocks in some nonequilibrium
morphology. However, it must be kept in mind that the
blend system modeled here has probably not obtained an
equilibrium morphology either. Thermodynamic theories*
for diblock copolymer/homopolymer blends indicate that
only a few percent homopolymer with molecular weight
comparable to the molecular weight of the matrix block
can be solubilized in the matrix phase before the added
homopolymer will segregate into its own phase. On the
other hand, experimental studies* have shown that a much
higher amount of homopolymer can be incorporated into
the matrix. For example, sample S/SBd-3 contains ~60%
homopolystyrene. Meier suggests that the solubilized
homopolymer/block copolymer system formed during
evaporation of the solvent persists throughout the evap-
oration and the equilibrium structure is never obtained.*

A highly distorted paracrystalline lattice model (Ho-
semann would suggest an “amorphous lattice” model for
a single interference peak®’) and a liquid-like model are
not drastically different in their physical picture of the
domain morphology. However, conceptually one approach
is to impart disorder to a crystalline lattice until only
short-range order remains, while the other approach in-
creases the short-range order intrinsic to liquid-like packing
by an increase in the hard-sphere volume fraction. Par-
acrystalline theory is certainly advantageous in the region
of almost-crystalline packing while for simple liquid-like
packing, the Percus—Yevick theory is superior; moreover,
a rather satisfactory physical interpretation exists for the
effective hard-sphere diameter of the spherical domains.

A hard-sphere interaction radius that is larger than the
domain radius seems intuitive for a spherical domain
structure in a diblock copolymer since each spherical do-
main has many chains of the matrix component emanating
from its surface. However, there is no reason to expect
these chains to form an impenetrable shell against other
matrix chains from other domains. On the contrary, the
matrix chains from each domain will interpenetrate to form
a uniform-density matrix (see Figure 4). The limitation
on the center-to-center approach distance of the domains
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arises from the topological constraints on the matrix chains
which have one of their ends (the chemical junction) lo-
cated on one of the sphere surfaces. The picture that
emerges is similar to the problem studied by Meier* and
Hesselink et al.#? These authors consider the free energy
of interaction between two approaching flat particles
bearing polymer adsorbed by one of the chain ends in a
solvent medium. They assume that the polymeric layer
around the particle to be interpenetrable whereas the
particles are impenetrable. In these theories, the total
change in free energy per unit area when the two particles
approach each other is given by the sum of three terms:
a repulsive term due to the loss of configurational entropy,
a repulsive term due to the osmotic pressure effect caused
by the change in free energy of mixing of polymer and
solvent as the density of chain segments changes, and an
attractive term due to van der Waals attraction between
the flat surfaces. For high surface coverage and high
molecular weight of the adsorbed chains, the repulsive
forces are dominant, causing a steeply increasing inter-
action energy with decreasing separation distance near 2R
of the unperturbed chain. Similar repulsive forces shoulé
be operative between spheres in a diblock copolymer
system during the removal of the solvent. While the in-
teraction potential will not be exactly a hard-sphere po-
tential, if the range of D,/2Ryg over which the interaction
potential ¢(r) /kT becomes highly repulsive is small, then
a hard-sphere potential becomes a reasonable approxi-
mation for modeling purposes. The energy of interaction
as a function of interparticle distance has been measured
experimentally by Klein et al.®**®2 for flat surfaces bearing
adsorbed macromolecules immersed in a solvent (near the
O condition). A steep repulsion was found for plate sep-
aration distances near the unperturbed R, of the adsorbed
molecules. de Gennes®® has used scaling arguments to
discuss the conformation and concentration profiles for
long flexible chains grafted at one end to a solid planar
surface with the chains immersed in either a good solvent
or a solution of the same polymer. For the case of grafted
chains in a polymer melt, the conformation of the grafted
chain may be extended or stretched normal to the surface
for large fractions of grafted surface sites. This same effect
should be operative in spherical diblock copolymer/hom-
opolymer systems for the portions of the matrix chains
nearest the sphere boundaries causing extended confor-
mations, thus affecting both the distance at which the
interdomain interactions become highly repulsive and the
steepness of the repulsion.

The dimensions of the penetrable spherical shell, AR
(see Figure 4), used to model the scattering data can give
a direct measurement of the distance between neighboring
PB sphere surfaces at which the interdomain potential
becomes highly repulsive. For both diblock samples
modeled, the distance between neighboring PB sphere
surfaces determined from modeling the scattering data
(2AR) is approximately 1.5 times the unperturbed R, of
the PS matrix chains (see Table I). While no definite
conclusions can be drawn from just these two samples, a
systematic study of the molecular weight dependence of
2AR and the conformation of the matrix chains for diblock
copolymer/homopolymer blends exhibiting spherical
morphology is being planned for the future.

The use of the Percus—Yevick theory for predicting the
direct correlation function is not limited to the case of hard
spheres, although this is the only case that can be solved
analytically. Of course, it is possible to deduce ¢(r) by
Fourier inversion of the scattering data to obtain g(r).
Once g(r) is obtained, ¢(r) and thus ¢(r) follow from eq
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13-15. It would be very interesting to compare ¢(r) ob-
tained in this manner to the hard-sphere potential used
in the modeling and to that predicted by the thermody-
namic theories as well as that deduced from force—sepa-
ration distance measurements.

Conclusions

Small-angle scattering data from block copolymer sys-
tems containing disordered spherical domain structures
can be well modeled using the Percus-Yevick hard-sphere
liquid theory. By choosing an effective hard-sphere in-
teraction radius based on fitting the lowest angle inter-
ference peak position and a domain radius from the higher
angle form factor scattering peaks, the full scattering
pattern can be quite adequately accounted for, including
all peak positions, breadths, and relative intensities. As
a consequence of the high hard-sphere density, short-range
liquid-like order gives rise to the various low-angle scat-
tering peaks. The difference between the hard-sphere
radius and the domain size is attributed to the closest
distance of approach between domains and corresponds
to about 1.5 times the matrix block chain unperturbed
radius of gyration.
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A Highly Convergent Algorithm for Computing the Orientation
Distribution Functions of Rodlike Particles
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ABSTRACT: A salient difficulty in describing the phase behavior of rodlike particles with large axial ratios
or high packing densities has been the solution of the nonlinear integral equation for the orientation distribution
function. Approximations that do well for small axial ratios and low packing densities become increasingly
unsatisfactory as the axial ratio or the packing density increases. In this report, we demonstrate that solutions
of high accuracy may be obtained relatively efficiently by an iterative procedure that converges particularly
rapidly for systems with high packing densities and large axial ratios. We show that, for polydisperse as well
as monodisperse systems, each iteration moves in a direction of locally decreasing free energy. Although it
does not necessarily follow that the net free energy change in a discrete step will be negative, all cases examined
thus far generate successive distribution functions with monotonically decreasing free energy.

Introduction

Generalized van der Waals theory has been used with
notable success to describe the structure and dynamics of
the dense phases of nonassociated systems. (See Chandler
et al.! for a recent review.) In these materials, intermo-
lecular potentials may be satisfactorily separated into
short-ranged repulsions treated as hard-core packing
constraints and long-ranged interactions treated in terms
of a mean field. One of the limitations in applying this
theory to nematic systems has been the difficulty of ac-
curately solving the relevant equations for the particle
orientation distribution. In this paper we present an ef-
ficient iterative procedure that generates successive particle
orientation distributions with monotonically decreasing
free energy and converges rapidly to local free energy
minima. The procedure also allows for estimation and
reduction of the numerical error in the properties calcu-
lated from the distribution functions.

According to the van der Waals description, the free
energy of N monodisperse rodlike particles with orienta-
tions @ = (8,¢) (0 <8 < 7w and 0 < ¢ < 27) given by the
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distribution function f(Q) is

FIf(Q)}/NkT = A + f (@) In £(Q) da +
B { freni@) sin () doy dg, +

1
sim J FOw@ de
where dQ = (1/4x) sin 6 df d¢, v, is the angle between
the axis of a rod with orientation Q; and the axis of a rod
with orientation ,, the coefficients A and B are functions
of particle asymmetry and particle volume fraction that
depend on the model employed for the hard-core reference
system, and () is the mean field created by long-ranged
interparticle forces.? In this equation the contributions
of orientational entropy (favoring random orientation),
translation entropy (favoring alignment), and internal
energy (generally also favoring alignment) are represented
by the seond, third, and fourth terms, respectively.
Considerations of self-consistency® and pair-volume
exclusion® are satisfied by a mean field of the form

VONEY ROCHVARLS )

where p is the particle number density and U(y,,) depends
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